Let SS denote the class of short exact sequences E :0 → A f → B → C → 0 of R-modules and R-module homomorphisms such that f (A) has a small supplement in B i.e. there exists a submodule K of M such that f (A) + K = B and f (A) ∩ K is a small module. It is shown that, SS is a proper class over left hereditary rings. Moreover, in this case, the proper class SS coincides with the smallest proper class containing the class of short exact sequences determined by weak supplement submodules. The homological objects, such as, SS-projective and SScoinjective modules are investigated. In order to describe the class SS, we investigate small supplemented modules, i.e. the modules each of whose submodule has a small supplement. Besides proving some closure properties of small supplemented modules, we also give a complete characterization of these modules over Dedekind domains.
Introduction
All rings are associative with identity element and all modules are unitary left modules. We use the notation E(M ), Soc(M ), Rad(M ), for the injective hull, socle, radical of an R-module M respectively. Let M be any module and let N and K be submodules of M. N is said to be small (or superfluous) in a module M , denoted as N M if N + K = M implies K = M for any submodule K of M . N is said to be a small module if N is a small submodule of some R-module. N is a small module if and only if N is a small submodule of its injective envelope (see, [9] Proper classes were introduced by Buchsbaum in order to axiomatize conditions under which a class of short exact sequences of modules can be computed as Ext groups corresponding to a certain relative homology. Let E : 0 → A f → B → C → 0 be a short exact sequence. It is well-known that the class of short exact sequences E such that Im(f ) is a supplement in B, respectively pure in B is a proper class in the sense of Buchsbaum (see, [7, 20.7] ). However, many other analogous classes of short exact sequences of modules do not form a proper class. For example, the classes Small, S or WS i.e. the classes of short exact sequences E such that Im f small in B, has a supplement in B, or has a weak supplement in B, respectively, are not proper classes. But, in this case, one may consider the least proper class containing a given class of short exact sequences, that is, the intersection of all proper classes containing them. Recently, in [3] , the authors shows that, the least proper classes containing the classes Small, S or WS coincide over hereditary rings. They obtained this proper class by natural extension of the class WS and denoted it by WS.
At this point, the question which arises naturally is that, whether the class WS can be described as a class of short exact sequences E such that Im(f ) has a certain property in B. The answer of this question is affirmative over left hereditary rings. Over such rings the class WS coincides with the class determined by small supplements.
The paper is organized as follows. In section 3, weakening the notion of weak supplement we consider small supplement submodules. Namely, a submodule N of a module M has a small supplement in M if there exists a submodule K of M such that N + K = M and N ∩ K is a small module. Let SS be the class of short exact sequences such that Im(f ) has a small supplement in B. We prove that, SS is a subgroup of Ext, and over a hereditary ring SS is a proper class. Moreover, SS coincides with the proper class WS.
In section 4, we investigate SS-projective modules which are projective relative to short exact sequences that belong to SS. We show that an R-module F is SS-projective if and only if Ext(F, S) = 0 for each small R-module S. Moreover, we prove that every SS-projective module is flat if R is commutative C-ring (i.e. Soc(R/I) = 0 for each essential proper left ideal I).
In section 5, we study on the properties of the modules whose submodules have small supplements. We call these modules small supplemented. Small supplemented modules are proper generalization of weakly supplemented modules. It is shown that, small supplemented modules are closed under submodules, factor modules, finite sums and extensions. An injective module is small supplemented if and only if it is weakly supplemented.
In section 6, we characterize small supplemented modules over Dedekind domains. We prove that, an R-module M is small supplemented if and only if every primary component of T (M ) is a direct sum of a bounded submodule and an artinian submodule, and M/T (M ) has finite uniform dimension, where T (M ) is the torsion submodule of M .
Proper Classes
Let us recall the definition of a proper class of short exact sequences (e.g., see [4] , [7] , [11] , [19] ).
2.1. Definition. Let P be a class of short exact sequences of R-modules and R-module homomorphisms. If a short exact sequence E : 0 → A f → B g → C → 0 belongs to P, then f is said to be a P-monomorphism and g is said to be an P-epimorphism. Also, E is said to be a P-exact sequence.
The class P is said to be a proper class (in the sense of Buchsbaum) if it has the following properties: P-1) P is closed under isomorphisms; P-2) P contains all splitting short exact sequences; P-3) The class of P-monomorphisms is closed under composition; if f, g are monomorphisms and gf is an P-monomorphism, then f is an P-monomorphism; P-4) The class of P-epimorphisms is closed under composition; if f, g are epimorphisms and gf is an P-epimorphism, then g is an P-epimorphism.
Example.
Some examples of proper classes, which are interesting for the purpose of this paper are the following (e.g., see [7] ).
(i) The class Split of all splitting short exact sequences.
(ii) The class P of all short exact sequences on which the functor Hom(M, −) is exact for every M ∈ M , where M is a class of modules. Its elements are called P-pure exact sequences. For the class M of finitely presented modules, one has the classical pure exact sequences. 
is a subgroup of Ext 1 R (C, A) for every R-modules A, C and the composition of two Pmonomorphisms (or P-epimorphisms) is a P-monomorphism (a P-epimorphism respectively) then P is a proper class (see Theorem 1.1 in [14] ). For any class P of short exact sequences the intersection P of all proper classes containing P is clearly a proper class. We say that P is the proper class generated by P (see [15] ). Clearly P is the least proper class containing P.
Definition.
[3] A short exact sequence E : 0 → A → B → C → 0 is said to be extended weak supplement if there is a short exact sequence E : 0 → A f → B → C → 0 such that Im f has (is) a weak supplement in B and there is a homomorphism g : C → C such that E = g * (E ), that is, there is a commutative diagram as follows:
The class of all extended weak supplement short exact sequences will be denoted by WS.
The class WS is the least proper class containing the class WS (see, [3] ).
The Proper Class SS
Let SS be the class of all short exact sequences E : 0 → A f → B → C → 0 such that Im f has a small supplement in B. To prove that SS is a proper class we will use the result of [14, Theorem 1.1].
Firstly, we show that Ext SS (C, A) is a subgroup of Ext 1 (C, A) for every R-modules A, C. The following lemma can be proved by using similar arguments as in [3, Lemma 3.3].
Lemma. For every homomorphism
preserves short exact sequences from SS.
3.3. Lemma. For every homomorphism g : C → C, the homomorphism g * : Ext(C, A) → Ext(C , A) preserves short exact sequences from SS.
→ C → 0 be a short exact sequence in SS and g : C → C be a homomorphism. Then the following diagram is commutative with exact rows.
The proof of the following is routine, hence we skip its proof.
3.5. Corollary. Ext SS (C, A) is a subgroup of Ext(C, A) for every modules C and A.
is the the diagonal map and ∇A : (a1, a2) → a1 + a2 is the codiagonal map, E1 + E2 is in SS by Lemma 3.2 and Lemma 3.3. , we only need to show that the composition of two SS-epimorphisms is an SS-epimorphism. Let f : B → B and g : B → C be SS-epimorphisms. We have the following commutative diagram with exact rows and columns:
Therefore there exist a submodule V in B such that Ker f + V = B and Ker f ∩ V is a small module and there exist a submodule
A module M is said to be WS-coinjective if every extension of M is extended weak supplement.
3.7. Theorem. The classes SS and WS coincide over left hereditary rings.
Then there is a submodule V of B such that B = A + V and A ∩ V is a small module. So we have the following commutative diagram with exact columns and rows: 0
/ / 0 0 0 Clearly g is a Split-epimorphism, and since small modules are WS-coinjective by [3, Theorem 4.1], f is an WS-epimorphism. Since R is hereditary, WS is a proper class by [3, Theorem 3.12] , and hence the composition g • f is a WS-epimorphism. Then, E is in WS. Conversely, since WS ⊆ SS and WS is the smallest proper class containing WS, we have WS ⊆ SS.
3.8. Lemma. The composition g • f of a Split-epimorphism f and an SS-epimorphism g is an SS-epimorphism.
Proof. Let f : B → B be a Split-epimorphism and g : B → C an SS-epimorphism. We have the following commutative diagram with exact rows and columns: 0
An epimorphism f : N → M is said to be a small cover of M if Ker f N . Moreover, if N is projective, then f is called a projective cover. A ring R is said to be left (semi) perfect if every (finitely generated) module has a projective cover.
3.9. Corollary. If R is a left perfect ring, then every short exact sequence is an SS-exact. In particular, SS is a proper class.
→ C → 0 be a short exact sequence. Since R is left perfect ring, there exists an epimorphism g : P → C where P is a projective R-module and Ker g P . Therefore, g is an SS-epimorphism. Consider the pullback diagram:
Since P is projective, f is a Split-epimorphism. Then g • f is an SS-epimorphism by Lemma 3.8, and hence f is an SS-epimorphism by P − 4).
Homological Objects of The Class SS
We begin with the following definition.
4.1.
Definition. An R-module F is called SS-projective if it is projective relative to the short exact sequences that belong to SS i.e., for each E in SS the sequence Hom(F, E) is exact.
Proposition.
The following are equivalent for an R-module F .
(1) F is SS-projective.
(2) Ext(F, S) = 0 for each small R-module S.
Proof.
(1) ⇒ (2) is clear, since every short exact sequence starting with a small module is in SS.
(2) ⇒ (1) Let 0 → A → B → C → 0 be a short exact sequence belongs to SS. Then there is a submodule V of B such that B = A + V and A ∩ V is a small module. So we have the following commutative diagram
where π is the canonical epimorphism and g a split epimorphism. Applying the functor Hom(F, .), we have the following diagram
, and so π * is an epimorphism. Therefore, g * π * is an epimorphism. Thus F is an SS-projective module.
Note that every (finitely generated) SS-projective module is projective if R is left (semi) perfect by Proposition 4.2.
A ring R is said to be left C-ring if Soc(R/I) = 0 for each proper essential left ideal I of R, (see [16] Renault [16] proved that a left Noetherian ring is a C-ring if and only if for every essential left ideal I of R, R/I has finite length. If R is a left and right Noetherian, and left and right hereditary ring, then for every essential (proper) left ideal I of R, the left R-module R/I has finite length, ([12, Proposition 5.4.5 ]). Therefore, hereditary Noetherian commutative rings are C-rings.
In [15] , it is shown that, for a class of short exact sequences E, modules which are relatively projective with respect to the classes E and E coincide. Therefore, by Theorem 3.7, we get: 4.4. Corollary. Let R be a commutative hereditary Noetherian ring. Then every Rmodule which is relatively projective with respect to the short exact sequences in WS is flat.
4.5. Remark. Let M be a left R-module. M is called SS-coinjective if every short exact sequence starting with M is in SS. Every small module is SS-coinjective. M is called almost injective if M is a supplement submodule in each module that contains M as a submodule see [6] . It is easy to see that almost injective modules are SS-coinjective, but the converse is not true in general. For example, Z is a small module, and so Z is SS-coinjective. On the other hand, Z has no supplement in Q, hence it is not almost injective.
Recall that a ring R is called a left V -ring if every simple R-module is injective or, equivalently, Rad(M ) = 0 for every R-module M (see [8, Theorem 3 .75]).
Proposition. The ring R is a left V -ring if and only if every SS-coinjective Rmodule is injective.
Proof. Let M be an SS-coinjective R-module. Then M is small supplement in E(M ) i.e., there is a submodule V of E(M ) such that E(M ) = A + V and A ∩ V E(M ). But R is V -ring, hence A ∩ V = 0. Then A is direct summand of E(M ), and so it is injective. The converse follows easily since every simple R-module is either small or injective.
Small Supplemented Modules
An R-module M is called small supplemented if every submodule of M has a small supplement. In this section, we shall prove some properties of small supplemented modules. The proof of the following proposition is standard. We shall use it in the sequel.
5.1. Proposition. Let M1, U be submodules of M with M1 small supplemented. If there is a small supplement for M1 + U in M , then U also has a small supplement in M . Note that small modules are closed under extensions over left hereditary rings (see, [9] ).
Lemma.
Let R be a hereditary ring and M be a small supplemented R-module. If f : N → M is an epimorphism with Ker f a small module, then N is small supplemented.
is a small module. Then N = L + T and L ∩ T is a small module by [9, Theorem 3] . Therefore N is small supplemented. Proof. Without restriction of generality we will assume that 
(⇐) Clear.
5.7. Proposition. Every R-module is small supplemented if and only if every injective R-module is weakly supplemented.
Proof. Suppose that I is an injective R-module. Let L be any submodule of I. By the assumption, there is a submodule T of I such that I = L + T and L ∩ T I. Conversely, E(M ) is weakly supplemented for any R-module M by the assumption. Then M is small supplemented by Proposition 5.3.
Small Supplemented Modules Over Dedekind Domains
In this section, we shall describe the structure of small supplemented modules over Dedekind domains. Recall that, a local Dedekind domain is called a discrete valuation ring (or, DVR). If R is a DVR, then the unique maximal ideal of R is of the form pR, for some p ∈ R and every nonzero ideal of R is of the form p n R for some n ∈ Z + . For a Dedekind domain R, Ω and Q will stand for the set of maximal ideals of R, and the quotient ring of R respectively.
A module M is called coatomic, if Rad(M/N ) = M/N for every proper submodule N of M , equivalently every proper submodule of M is contained in a maximal submodule, (see [22] ). Recall that a module M over a Dedekind domain is divisible if and only if it is injective if and only if it has no maximal submodules (see, [1] , [18] ).
The following lemma can be obtained from [22, Section 4] . We include it for completeness.
6.1. Lemma. Let R be a Dedekind domain and M be an R-module. Then M is coatomic if and only if M is a small module.
Proof. Let M be a coatomic module and suppose
, and hence M is a small module.
Conversely, if M is small and
On the other hand M/K is a small module as a factor of the small module M , a contradiction. Hence K = M and so M is coatomic. Let m be a maximal ideal of R. Then
and
Now (m) (N) has a small supplement in R (N) . Then (mm) (N) has a weak supplement in (Rm) (N) by Lemma 6.2 Lemma 6.3 and Lemma 6.4. Therefore Rm is a perfect ring by [5, Theorem 1] . This contradicts with the fact that Rm is a domain. Therefore M has a finite uniform dimension. Conversely, suppose M has finite uniform dimension. Then E(M ) ∼ = Q n , where Q is the quotient ring of R and n ∈ Z + . Then E(M ) is weakly supplemented by [2, Lemma 2.8] and [10, Proposition 2.5]. So that E(M ) is small supplemented and so M is small supplemented by Proposition 5.3.
6.6. Lemma. Let R be a DV R and M be a torsion and reduced R-module. Then M is small supplemented if and only if M is bounded.
Proof. Suppose M is small supplemented. Then Rad(M ) = pM has a weak supplement by Lemma 6.2.
, and so p n M is divisible by [1, Lemma 4.4] . But M is reduced, so that we must have p n M = 0. The converse is clear, because bounded modules are small and small modules are small supplemented.
6.7. Lemma. Let R be a DV R and M be a divisible(injective) and torsion R-module. Then M is small supplemented if and only if M ∼ = (Q/R) n , for some n ∈ Z + .
Proof. Since M is divisible and torsion, M ∼ = (Q/R) (I) for some index set I. Suppose M is small supplemented. If I is finite then we are done. Otherwise, M has a submodule which is isomorphic to
Then L is small supplemented by Proposition 5.3 and so L is bounded by Lemma 6.6, a contradiction. Hence I is finite.
Conversely, if M ∼ = (Q/R) n , then M is weakly supplemented by [2, Lemma 2.8] and [10] , and so M is small supplemented. 6.8. Theorem. Let R be a Dedekind domain and M be a torsion R-module. Then M is small supplemented if and only if TP (M ) is small supplemented for every P ∈ Ω.
(⇐) Let N be a submodule of M . As M is a torsion module, N = ⊕P ∈ΩNP , where NP = N ∩ TP (M ). Let KP be a small supplement of NP in TP (M ). Then it is straightforward to check that, for the submodule K = ⊕p∈ΩKp, we have N + K = M and N ∩ K is a small module. That is, K is a small supplement of N . Hence M is small supplemented.
6.9. Lemma. Let R be a Dedekind domain and M be an R-module. If T (M ) is small supplemented then T (M ) has a small supplement in M . Summing up, Lemma 6.6, Lemma 6.7, Theorem 6.8 and Corollary 6.10, we get:
6.11. Corollary. Let R be a Dedekind domain and M be an R-module. Then M is small supplemented if and only if (1) M/T (M ) has finite uniform dimension.
(2) For every P ∈ Ω, the reduced part of TP (M ) is bounded and the divisible part has finite uniform dimension.
We finish the paper by showing that every small supplemented module is SS-coinjective over Dedekind domains. Recall that, every module M over a Dedekind domain can be written as M = N ⊕ D, where D is divisible (equivalently, injective) and N is reduced. Since injective modules are coinjective, M is SS-coinjective if and only if N is SS-coinjective.
6.12. Theorem. Over a Dedekind domain R, every small supplemented R-module is SS-coinjective.
Proof. Let M be a small supplemented module. Without loss of generality we may assume that M is a reduced R-module. We shall prove that both T (M ) and M/T (M ) are SS-coinjective. Since M is reduced and small supplemented, in the decomposition T (M ) = ⊕P ∈ΩTP (M ) each TP (M ) is bounded by Corollary 6.11. Every bounded module is small and so T (M ) is a small module by Lemma 6. 
